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1. Introduction

The Conjugacy Decision Problem (CDP) for a group G is the decision problem of determining, given
any two elements a, b € G, whether a and b are conjugate in G. The Conjugacy Search Problem (CSP),
on the other hand, requires to compute for any two given conjugate elements a, b € G a conjugating
element c such that c~'ac = b. (We will also write a° = b.)

In this paper we will describe a new algorithm to solve both problems in Garside groups (of finite
type). The simplicity of the algorithm will allow us to describe it completely in this introduction
in a ready-to-implement manner. The main difference from established algorithms is the use of an
operation called cyclic sliding, which is a special kind of conjugation introduced in Gebhardt and
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Gonzalez-Meneses (in press). Cyclic sliding assumes the role played by cycling and decycling in
previous algorithms.

Cyclic sliding will be motivated and explained in Section 1.2, but it can be defined right now. One
just needs to recall the following notions in a Garside group G, which are well known to specialists.
Firstly, Gadmits a partial order <, and there is a special element A, called Garside element. Givenx € G,
inf(x) and sup(x) are the maximal and minimal integers, respectively, satisfying A™® < x < ASWP®,
Secondly, given a, b € G, there is a unique greatest common divisor a A b with respect to <. Finally,
the elements in the set [1, A] = {s € G| 1 x s < A}, called simple elements, generate G. We assume
this set to be finite (that is, G is of finite type). It is well known how to compute all the above data in
a Garside group G of finite type, as we shall see.

Using the above well-known notions, we can define the following:

Definition 1.1 (Gebhardt and Gonzdlez-Meneses, in press). Given x € G, we define the preferred
prefix p(x) of x as the simple element

p(x) — (foinf(x)) A (XflAsup(x)) A A,
and we define the cyclic sliding s(x) of x as the conjugate of x by its preferred prefix, that is,
s(x) =% = px) " xp(x).

This is enough to describe a simple algorithm to solve the conjugacy decision problem and the
conjugacy search problem in a Garside group of finite type. The algorithm we present now, however,
is by far not the best possible one. In Section 1.3 we will give a much better algorithm, which requires
some other notions besides the preferred prefix and the cyclic sliding. Nevertheless, the simple version
given here for illustration can be useful for theoretical purposes or for applying it to small examples.

ALGORITHM O:
Solving the conjugacy problem in a Garside group G of finite type

Input: x,y€G.
Output: - Whether x and y are conjugate.
- If x and y are conjugate, an element ¢ such that x* = y.

(1) SetX =x,c;=1and 7 = 0.
(2) WhileX ¢ 7,setT =7 U{X}, ¢; =c¢; - p(X) and X = 5(x).
(3)Sety =y, c; =1land 7 = 0.
(4) Whiley ¢ 7,setT =T Uy}, c; =c3 -p(¥) and ¥ = s(3).
(5)Setv =[x}, V= {x}and ¢z = 1.
(6) While V' # @, do:
(a) Takev € V'.
(b) For every simple element s, do:
(i) If v* =, then:
(A) Setcy =c¢y - s.
(B) Return ‘x and y are conjugate by ¢; - ¢y - ¢
(i) If v* ¢ V, then:
(A) Apply iterated cyclic sliding to v* until the first repetition is encountered, say w.
(B) If w = v’, thensetcys =c¢, -5,V =VU{¥’},and V' = V' U {v°}.
(c) Remove v from V'.
(7) Return ‘x and y are not conjugate’.

1

The set 'V computed by the above algorithm, called the set of sliding circuits of x and denoted
SC(x), was introduced in Gebhardt and Gonzalez-Meneses (in press). It is a finite invariant of the
conjugacy class x¢ of x, that is, it is a finite subset of xX® and only depends on x°, not on x itself. This
set SC(x) consists of those conjugates of x which are stabilised by s* for some positive integer k and it
is analogous to the ultra summit set USS(x) introduced by Gebhardt (2005). One has SC(x) € USS(x),
and in general SC(x) is a proper subset of USS(x).
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The first two lines of the algorithm compute an element X € SC(x), by applying iterated cyclic
sliding until the first repetition is reached (which is X). A conjugating element c; from x to X is also
computed. The following two lines compute ¥ € SC(y) and a conjugating element ¢, from y toy in
the same way. Then, the algorithm starts to compute the whole set SC(x). If during the computation
it findsy as an element of SC(x), the algorithm stops and returns a conjugating element from x to y. If
this does not occur, that is, if the algorithm computes the whole set SC(x) without finding y in it, then
it returns the message ‘x and y are not conjugate’.

The use of cyclic sliding not only allows to develop a simpler algorithmic solution to the CDP/CSP,
but also is of theoretical interest; we refer to Gebhardt and Gonzalez-Meneses (in press) for details. It
is shown there that the set of sliding circuits has all the good properties of the ultra summit set, but is
the more natural invariant in many ways. In particular, the properties of the set of sliding circuits fully
extend to the case of elements of summit canonical length 1, which is not the case for ultra summit
sets. Another indication of the naturalness of the cyclic sliding operation is the fact that for super
summit elements which have a rigid conjugate, the (unique) minimal positive element yielding a rigid
conjugate is precisely the conjugating element obtained by iterated cyclic sliding.

The structure of this paper is as follows. In the introduction, we present our algorithm solving
the conjugacy problems in Garside groups in a ready-to-implement form. This presentation is kept
as concise as possible; explanations, motivations and the proof of correctness are postponed to later
sections. More precisely, in Section 1.1, we give a basic introduction to the theory of Garside groups;
specialists may skip this part. In Section 1.2 we briefly explain the new concepts from Gebhardt
and Gonzalez-Meneses (in press) which are subsequently used for the detailed description of the
algorithm in Section 1.3.

The rest of the paper is devoted to the explanation and analysis of the algorithm. Section 2 contains
a summary of results from Gebhardt and Gonzalez-Meneses (in press) which are required in our
discussion. In Section 3 the algorithm is explained and shown to be correct. Finally, the complexity of
the new algorithm is analysed in Section 4, where Section 4.1 discusses how the operations required
for our algorithm can be realised, only assuming knowledge of the lattice of simple elements.

1.1. Basic facts about Garside groups

Garside groups were defined by Dehornoy and Paris (1999). For a detailed introduction to these
groups, see (Dehornoy, 2002); a shorter introduction, containing all the details needed for this paper
can be found in Birman et al. (2007a) (Section 1.1 and the beginning of Section 1.2).

One of the possible definitions of a Garside group is the following. A group G is said to be a Garside
group with Garside structure (G, P, A) if it admits a submonoid P satisfying P N P~! = {1}, called
the monoid of pesitive elements, and a special element A € P called the Garside element, such that
the following properties hold:

(G1) The partial order < defined on Gby a < b ¢ a”'b € P (which is invariant under left
multiplication by definition) is a lattice order. That is, for every a, b € G there are a unique
least common multiple a v b and a unique greatest common divisor a A b with respect to <. (In
other words, there exists a unique element a vV b such thata < aVv band b < a Vv b, and for any
¢ € G the conditions a < ¢ and b < c together imply a Vv b < c. Similarly, there exists a unique
elementa A b, suchthata Ab < aanda A b < b, and for any ¢ € G the conditions ¢ < a and
¢ < btogetherimplyc <xaAb.)

(G2) Theset[1, A] ={a € G| 1 < a < A}, called the set of simple elements, generates G.

(G3) Conjugation by A preserves P (so it preserves the lattice order <). That is, A"!PA = P.

(G4) Forall x € P\{1}, one has:

[|x]| = sup{k|3ay,...,a € P\{1} suchthatx =a;---a;} < oco.

Definition 1.2. A Garside structure (G, P, A) is said to be of finite type if the set of simple elements
[1, A]is finite. A group G is said to be a Garside group of finite type if it admits a Garside structure
of finite type.
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Throughout this paper, let G be a Garside group of finite type with a fixed Garside structure
(G, P, A) of finite type. We denote by t the inner automorphism of G corresponding to conjugation
by A.

Remarks.

(1) By definition,p € P < 1 < p. Given two positive elements a < b, one usually says that a is a
prefix of b. Hence the simple elements are the positive prefixes of A.

(2) The number ||x|| defined above for each x € P\{1}, defines a norm in P (setting ||1|| = 0). Note
that the existence of this norm implies that every element in P\ {1} can be written as a product of
atoms, where an atom is an element a € P that cannot be decomposed in P, that is, a = bc with
b, c € P implies that either b = 1 or c = 1. In any decomposition of x as a product of || x|| factors
in P\ {1}, all of them are atoms. Notice that the set of atoms generates G and is finite.

(3) It is easy to see that t induces a permutation of the atoms of G. As this permutation is of finite
order and the set of atoms generates G, some power A€ of A lies in the centre of G.

The main examples of Garside groups of finite type are Artin-Tits groups of spherical type. In
particular, braid groups are Garside groups. In the braid group B, on n strands with the usual Garside
structure that we call the Artin Garside structure of B, one has the following:

e The atoms are the standard generators oy, ..., op_1.

e The positive elements are the braids that can be written as a word which only contains positive
powers of the atoms.

e The simple elements are the positive braids in which any two strands cross at most once. One has
|[1, A]| = n!, so this is a finite type Garside structure.

e The Garside element A = o1(0201)(030201) - - - (6,1 - - - 07) is the positive braid in which any
two strands cross exactly once (also called the half twist). A? is central in B,.

Note that the monoid P induces not only a partial order < which is invariant under left
multiplication, but also a partial order 3= which is invariant under right multiplication. The latter is
defined by a = b < ab~! e P. It follows from the properties of G that s is also a lattice order, that
P is the set of elements a such that a 3= 1, and that the simple elements are the positive suffixes of A
(where we say that a positive element b is a suffix of a if a = b). We will denote by x A"y (resp. x V" y)
the greatest common divisor (resp. least common multiple) of x, y € G with respect to :-.

Directly from the definitions, we have the following Lemma.

Lemma 1.3. Forany a, b € G the following hold:

(1) ax bifandonlyifa™! = b~ 1. (2) ax bifand only if t(a) < t(b).
3) (anb)y'=alVv'p L (4) T(@aAb) =1(a) A t(b).
(5) (avb)y '=a'ATbL (6) t(aVvb) =rt(a)V t(b).

Proof. For Claim 1note thata < bifand only if there exists ¢ € P suchthatac = b, thatis,a™' = cb~,
whichisin turnequivalenttoa™' ;= b~!.Claims 3 and 5 then follow from the definitions of the greatest
common divisor respectively least common multiple.

Claim 2 holds since ¢ € P is equivalent to t(c) € P by axiom (G3). Claims 4 and 6 then follow from
the definitions of the greatest common divisor respectively least common multiple. O

The following notions are well known to specialists in Garside groups:

Definition 1.4. Given a simple element s, the right complement of s is defined by 9(s) = s~'A, and
the left complement of s is 9~ 1(s) = A s~ 1.

Notice that the map d : [1, A] — [1, A] is a bijection of the (finite) set [1, A]. Notice also that
3%(s) = A7 lsA = 1(5).

Definition 1.5. Given two simple elements a and b, we say that the decomposition a-b is left weighted
if 9(a) A b = 1or, equivalently, if ab A A = a. We say that the decomposition a - b is right weighted
ifa A9~ 1(b) = 1 or, equivalently, if ab A” A = b.

The process of bringing a product a - b of two simple elements a and b into left weighted form by
replacing it with the product (as) - (s~'b), where s = 3(a) A b, is called a local left sliding or simply a
local sliding (Gebhardt and Gonzalez-Meneses, in press). Local right sliding is defined analogously.
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Definition 1.6. Given x € G, we say that a decomposition x = APx;---x,, wherep € Zandr > 0,

is the left normal form of x if x; € [1, A]\{1, A} fori = 1,...,r and x;x;;1 is a left weighted
decomposition fori = 1, ..., r — 1. We say that a decomposition x = y; - - - y1 AP is the right normal
form of x if y; € [1, A]\{1, A} fori = 1,...,r and y;;1y; is a right weighted decomposition for
i=1,...,r—1.

It is well known that left and right normal forms of elements in G exist and are unique.
(Proposition 4.3 recalls how to compute them based on local slidings.) Moreover, the numbers p and
r do not depend on the normal form (left or right) that we are considering.

Definition 1.7. Given x € G, whose left normal form is APx; - - - x, and whose right normal form is
y1 - - - yr AP, we define the infimum, canonical length and supremum of x, respectively, by inf(x) = p,
{(x) =randsup(x) =p +r.

It is shown in ElRifai and Morton (1994) that inf(x) and sup(x) are precisely the maximal
and minimal integers, respectively, such that A™® < x < ASP® (or, equivalently, AS'P®
x = AM®) Moreover, if x = APx;---x, is in left normal form as written, then x~!' =
AP 5200+ (x ) 92Dy ... 9720+ D+ (1) is in left normal form as written. An
analogous relation holds for the right normal forms of x and x~!. This implies in particular that
inf(x~!) = —sup(x), sup(x~') = —inf(x) and £(x~!) = £(x). From Lemma 1.3 it is obvious that
inf(t(x)) = inf(x), sup(r(x)) = sup(x) and £(t(x)) = £(x). Moreover, the factors in the left (resp.
right) normal form of 7 (x) are precisely the images under t of the factors in the left (resp. right) normal
form of x.

The first factor and the last factor in the left normal form respectively the right normal form are of
special importance.

Definition 1.8. Given x € G, the (left) initial factor :(x) of x is defined as ((x) = xA~™® A A
and the (left) final factor of x is ¢ (x) = (AP®~1 A x)~! x. Similarly, the right initial factor of x is
'(x) = A=M®x AT A and the right final factor of x is ¢ "(x) = x (ASP®~1 AV x)~1,

We remark that if £(x) = r > 0, and APx; - - - x, is the left normal form of x, then ¢(x) = t7P(x)
and ¢(x) = x,. This explains the names given to these simple elements. Notice also that if r = 0, that
is,ifx = AP, then ((x) = 1and ¢(x) = A. From the relation between the normal forms of x and x~,

we see that t(x™ ') = 3(e(x)). Similarly, ."(x~1) = 9~ (¢"(x)).

Definition 1.9. Let x° denote the conjugacy class of x in G and define the summit infimum inf;(x) =
max{inf(y) | y € x°} and the summit supremum sup,(x) = min{sup(y) | y € x¢}. The set
SSS(x) = {y € x®| inf(y) = infy(x), sup(y) = sup,(x)} is called the super summit set of x; the
elements of SSS(x) are called super summit elements. The canonical length of super summit elements
is called the summit canonical length Z(x). One obviously has £5(x) = supy(x) — inf;(x).

It is well known that SSS(x) C x° is non-empty and finite (EIRifai and Morton, 1994) and it is
clear from the definition that SSS(x) only depends on the conjugacy class of x. By the above remark,
inf(y~!) = —sup(y) and sup(y~!) = —inf(y) forally € G, and thus y € SSS(x) if and only if
y~1 e SSS(x~1). Similarly, inf(z (x)) = inf(x), sup(zr(x)) = sup(x) and £(z(x)) = £(x), whence
y € SSS(x) if and only if T(y) € SSS(t(x)) = SSS(x).

We summarise the discussion in this section in the following Lemma.

Lemma 1.10 (ElRifai and Morton, 1994). For any x € G one has the following:

(1) inf(x) = max{i € Z | A x x} = max{i € Z | x = A}.
(2) sup(x) =min{i € Z | x < A'} = min{i € Z | A" = x}.
(3) Ifx = APy - - - x, is in left normal form, then the left normal form of x~! is
x 1= A0+ 372(p+r)+1(xr) 372(p+r71)+1(xr_1) . 372(p+1)+1(xl)_

Ifx = X, - - - X1 AP is in right normal form, then the right normal form of x~! is
X—l — az(p+1)—1(x1) 82(p+2)_1(X2) . az(p-H’)—](xr) A—([H—r)'
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(4) inf(x~1) = — sup(x), sup(x~!) = —inf(x) and £(x~ 1) = £(x).

(5) tx™!) = d(@x) and "(x~ ") = 97 (" ().

(6) L(r(®) = (LX), p(t(x)) = T(P(X)), L' (T (X)) = 71" (X)), ¢ (T (X)) = T(p"(X)).
(7) infs(x~ 1) = —sup,(x), sup,(x~ 1) = —inf(x) and £s(x~ 1) = £5(x).

(8) SSS(x™1) = {y~ ' |y e SSS(x)}.

(9) y € SSS(x) if and only if T (y) € SSS(x).

1.2. Cyclic sliding

Before explaining our algorithm, we need to describe the underlying operation called cyclic sliding
introduced in Gebhardt and Gonzalez-Meneses (in press). The use of cyclic sliding (instead of the well-
known cycling and decycling operations) is what distinguishes the new algorithm from previously
known ones. The cyclic sliding operation will be motivated and explained in more detail in the
following section. Here we just give the technical definitions, so that they can be used in the algorithm.
Recall that G is a Garside group of finite type with a fixed finite type Garside structure (G, P, A).

Definition 1.11. Given x € G, the preferred prefix p(x) of x is the simple element
p(x) = (xATO) A (x TATPO)Y A A = 1) ALY = 1) A A(p(X)),
and the preferred suffix p"(x) of x is the simple element
p'x) = (A7 M) AT (APOX YA A= @A G = 0@ AT (@ X)),
Definition 1.12. Given x € G, the cyclic left sliding s(x) of x is the conjugate of x by its preferred
prefix, that is,
5(0) = 2% = p0) X p),
and the cyclic right sliding s"(x) of x is the conjugate of x by the inverse of its preferred suffix:
SR =X =y xp'0 "
If there is no possible confusion, we will call s(x) the cyclic sliding, or just the sliding of x.

It will be convenient to display conjugations in a graph-theoretical style. In this way, we shall write
u — vifu* = v for some u, s, v € G. Hence we have:

.
x Y ) and x <2 ),
Elements for which the preferred prefix (or the preferred suffix) is trivial behave particularly nicely
in may ways.

Definition 1.13. An element x € G is called left rigid or just rigid if p(x) = 1. Similarly, x is called
right rigid if p"(x) = 1.

In Birman et al. (2007a), the concept of rigidity was introduced and some of the properties of rigid
elements were analysed. It is obvious from the definition that left (respectively right) rigid elements
are fixed points for left (respectively right) cyclic sliding. The converse clearly is not true.

The main idea of our algorithm is the following: Iterated application of cyclic sliding sends any
element x € G to a finite subset of its conjugacy class x°. This subset only depends on x® and is, in
general, small. Hence, it can be used to solve the CDP and the CSP efficiently. This set is defined as
follows:

Definition 1.14. We say that y € G belongs to a sliding circuit if s (y) = y for some m > 1. Given
x € G, we define the set of sliding circuits of x, denoted by SC(x), as the set of all conjugates of x
which belong to a sliding circuit.

Lemma 1.15. The maps T and s commute. In particular, one has y € SC(x) if and only ifyAk =th(y) €
SC(x) forall k € Z.
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Proof. By Lemmas 1.3 and 1.10, one has p(t(y)) = 7(p(y)), which yields the claim. O

Our algorithm will compute not only the set SC(x), but also conjugating elements connecting the
elements of SC(x). Basically, it constructs a connected directed graph, whose vertices correspond to the
elements of SC(x) and whose arrows correspond to conjugating elements sending one given element
in SC(x) to another.

Definition 1.16. Given x € G, the sliding circuits graph SCG(x) of x is the directed graph whose set of
vertices is SC(x) and whose arrows correspond to conjugating elements as follows: There is an arrow
which starts at u € SC(x), ends at v € SC(x) and is labelled by s € P \ {1} if and only if:

(1) v = .
(2) sis an indecomposable conjugator, that is, s # 1 and there is no element t, suchthat 1 < t < s
and u’ € SC(x).

We remark that the label of each arrow is a simple element (see Corollary 2.11 or Corollary 3.3).
Finally, we need to define two operations that will be applied to the conjugating elements. They
are analogous to the ones defined in Gebhardt (2005), and we use the same names.

Definition 1.17. Given x, o € G, we define the transport of « at x under cyclic sliding as
W =px) @ p(x).

That is, @V is the conjugating element that makes the following diagram commutative, in the sense
that the conjugating element along any closed path is trivial:

p(x)
X ————>s(x)

l lam

ST

Note that the horizontal rows in this diagram correspond to applications of cyclic sliding.
For an integer i > 1 we define recursively «® = (/)™ Note that («~")" indicates the
transport of @~V at s~ (x). We also define «© = «.

pX) p(s(x)) p(sf (%)
X s(X) s2x) — =) ————— )
a_a<0>l la(l) iam lawl) la(k)
X< S(Xa) 52(Xa) > 5l<—l(xa) > Sk(Xa)

p(Y) p(s(x¥)) p(sk=1(x))

The above operation is a way to transport a conjugating element along a sliding path. However,
occasionally we will need to go backwards, in some sense, although the obtained element will not
necessarily be a pre-image under transport. In Section 3.3 we will define the pullback sy of a positive
element s at an elementy = s(z) € SC(x) via the properties of its transport at z and define recursively
S = (Si-1))(1) forany integeri > 1and sy = s (Definition 3.14). The details are somewhat technical
and require some prior work, so we postpone them at this stage. At the moment, we just need to know
how to compute pullbacks in a certain special case; this is the content of the following proposition
which will be shown in Section 3.3:

Proposition 3.19. Let x € G, z € SC(x), y = s(z) and let s € G be positive such that y* is super summit.
Then the pullback of s at y, as given in Definition 3.14, is

sy =(p@sp'0")7") Vv 1.
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Hence, s(;y = B Vv 1, where B € G is the element that makes the following diagram commutative,
in the sense that the conjugating element along any closed path is trivial:

p(2)
V4

y
7| L
s —— Y
P S)

1.3. The algorithm

In this subsection we will describe in detail our algorithm to solve the CDP and the CSP in a Garside
group G. The only requirement needed to implement it, which we assume to be fulfilled for the given
Garside group G, is to know the structure of the lattices of simple elements, with respect to both <
and =. More precisely, one should know the Garside element A and have:

(1) Alist containing the atoms, 4 = {ay, ..., a,}.

(2) Afunction that, givena € 4 ands € [1, A], determines whether a < s and, in that case, computes
the simple element a™'s.

(3) Afunction that, givena € 4 ands € [1, A], determines whether s = a and, in that case, computes

the simple elementsa~'.

In Section 4.1 we will see how, provided the above requirements are fulfilled, one can compute
right and left complements, gcds and Icms, normal forms, preferred prefixes and suffixes, cyclic
slidings, transports and pullbacks.

The whole algorithm is divided into three parts, called Algorithms 1, 2 and 3. Algorithm 1 computes
one element X in the set SC(x), starting from an arbitrary element x € G. The algorithm also computes
a conjugating element from x to X. Algorithm 2 computes the arrows in the graph SCG(x) which start
at a given vertex; this is necessary for computing the entire set SC(x). Moreover, knowing all arrows of
the graph will allow us to compute a conjugating element for every pair of elements in SC(x). Finally,
Algorithm 3 solves the CDP and the CSP in G using Algorithms 1 and 2.

We remark that Algorithm 1 is a refinement of the algorithm in ElIRifai and Morton (1994) to
compute an element in the so-called super summit set of x. Here we replace two kinds of conjugation,
called cycling and decycling, by a single kind of conjugation: cyclic sliding. This is one of the reasons
that make our algorithm simpler. Algorithm 2 is a modification of the analogous one given in Gebhardt
(2005), applied to cyclic sliding instead of cycling. Algorithm 3 is not new, since it is implicitly or
explicitly described in EIRifai and Morton (1994), Franco and Gonzalez-Meneses (2003) and Gebhardt
(2005) in the context of other invariant subsets of the conjugacy class, namely super summit sets,
super summit sets with minimal simple elements, respectively ultra summit sets. The set SC(x) is a
subset of all of these sets (Gebhardt and Gonzalez-Meneses, in press).

We recommend that the reader not try to understand the algorithms at a first reading. They will be
clarified in the following sections, where each particular step of the algorithms will be explained in a
more humane way. See Section 4.2 for remarks concerning efficient implementation of the algorithms.

ALGORITHM 1:
Computing one element in SC(x)

Input: xeG.
Output: X € SC(x) and ¢ € G such thatx° =%.

(1) SetX =x,c =1land T = 0.

(2) WhileX ¢ 7,setT =7 U{X}, c =c-p(X) and X = s(X).
(3) Sety = s(X) and d = p(X).

(4) Whiley #3%,setd =d - p(y) andy = s(y).

(5) ReturnXandc = cd™".
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ALGORITHM 2:
Computing the arrows in SCG(x) starting at a given vertex

Input: v € SC(x).
Output: The set 4, of arrows in the graph SCG(x) starting at v.

(1) Compute the minimal integer N > 0 such that s" (v) = v.
(2) List the atoms of G, say ay, ..., a;.Set 4, = J and Atoms = (.
(3) Fort =1,...,Ado:
(a) Sets = ay.
(b) While £(v) > £(v),sets =s- (1 Vv (v5) 1AM v ps A=)
(c) If a; < p(v), then compute the iterated N-pullbacks s, s, Siny, - - . until the first repetition
is encountered, say S(), and set s = s¢y.
(d) Compute the iterated N-transports s, s, sV until the first repetition is encountered,
say sU™), Leti < jbe such that stV = sV,
(e) Ifa; < s™N) for some m withi < m < j, then do:
(i) Ifag £ s“™V forallk = 1,..., A such that either a, € Atoms or k > t, then set
Ay = A, U {s™}) and Atoms = Atoms U {a)}.
(4) Return s,.

ALGORITHM 3:
Solving the conjugacy problemsin G

Input: x,y €G.
Output: - Whether x and y are conjugate.
- If x and y are conjugate, an element ¢ such that x* = y.

(1) Use Algorithm 1 to compute X € SC(x) andy € SC(y), together with conjugating elements c; and
¢, such thatx! =Xandy®2 =Y.
(2)Setv =[x}, V ={x}andcz = 1.
(3) While v' # @, do:
(a) Take v € V'.
(b) Use Algorithm 2 to compute A,,.
(c) Foreverys € #,, do:
(i) If v* =Y, then set ¢y = ¢, - 5. Return ‘x and y are conjugate by ¢; - ¢ - ¢;
(ii)If v° ¢ V,thensetcy,s =¢, -5, V=V U {},and V' = V' U {v°}.
(d) Remove v from V’.
(4) Return ‘x and y are not conjugate’.

1

2. Cyclic sliding and the set of sliding circuits

This section summarises some properties of the cyclic sliding operation, the transport map, and the
set of sliding circuits, which we require for proving the correctness of the algorithm from Section 1.3
and for analysing its complexity. Most of these results were obtained in Gebhardt and Gonzalez-
Meneses (in press) and we refer to there for further details.

Properties of cyclic sliding

Cyclic sliding does not increase the canonical length. As G is of finite type, this implies that iterated
cyclic sliding starting from any x € G eventually reaches a period, that is, produces an element of
SC(x). Moreover, iterated cyclic sliding achieves the minimal canonical length in the conjugacy class,
that is, SC(x) € SSS(x). More precisely, one has the following.

Lemma 2.1 (Gebhardt and Gonzdlez-Meneses, in press, Lemma 1). For every x € G, one has the inequal-
ities inf(s(x)) > inf(x), sup(s(x)) < sup(x), and £(s(x)) < £(x). In particular, if x is a super summit
element then so is s(x).
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Corollary 2.2 (Gebhardt and Gonzdlez-Meneses, in press, Corollary 1). For any element x € G, iterated
application of cyclic sliding eventually reaches a period, that is, there are integers 0 < i < j such that
s'(x) = & (x). In particular, one has s*(x) € SC(x) and ¢~ (s*(x)) = s*(x) for all k > i.

Proposition 2.3 (Gebhardt and Gonzdlez-Meneses, in press, Corollary 2). For any x € G, if £(x) is not
minimal in the conjugacy class of x, then £(x) > £(s™(x)) for some positive integer m < || A||. In particular,
one has SC(x) C SSS(x).

Properties of the transport map

Under certain (mild) assumptions, the transport map respects many aspects of the Garside
structure of G. In particular, transport at super summit elements preserves positive elements and
powers of A, and it respects the partial order < as well as gcds with respect to <. One has:

Proposition 2.4. Let x € G and let o, B € G such that x, x*, xP e SSS(x) and consider transports at x.
Then the following hold.

(1) If o is positive then oV is positive.
(2) If a is positive then p(x) < o p(x©).
(3) Ifa = A* for k € Z then o = Ak,
(4) Ifa < Bthena® < gD,

(5) If o is simple then oV is simple.

(6) (a A ﬂ)(l) =a A ﬂ(l)'

Proof. Claim 1 follows from (Gebhardt and Gonzalez-Meneses, in press, Lemma 5) and is equivalent
to Claim 2, as ¢V = p(x) 'ap(x*). Claims 3, 4, 5 and 6 are special cases of (Gebhardt and Gonzalez-
Meneses, in press, Lemma 6, Corollary 4, Corollary 5, and Proposition 3). O

Applying iterated cyclic sliding to a conjugate y° of y € SC(x) will eventually produce another
element of SC(x) by Corollary 2.2. The following Lemma makes this more precise: iterated transport
of s along the sliding circuit of y eventually becomes periodic and this happens exactly when SC(x)
has been reached.

Lemma 2.5 (Gebhardt and Gonzdlez-Meneses, in press, Lemma 8). Letx € G,y € SC(x) and s € G such
that y°* € SSS(x). Let N be a positive integer such that s¥(y) = y and for integers i > 0 consider the
transports sN) at y. Then the following hold.

(1) There are integersi, > i; > 0 such that sV = 2N,
(2) ¥ € SC(x) if and only if there is a positive integer k such that s*™) = s.

Convexity properties and connectedness of the sliding circuits graph

It is well known that for any x € G, the set of elements conjugating x to an element in SSS(x)
is closed under A. This has become known as convexity and in particular implies the existence of a
minimal positive element conjugating x to an element in SSS(x).

Proposition 2.6. (Franco and Gonzdlez-Meneses, 2003, Proposition 4.12 or Gebhardt and Gonzdlez-
Meneses, in press, Proposition 6). Let x, o, B € G. Ifx*, xf e SS5(x), then x*"# & SSS(x).

Corollary 2.7. (Lee and Lee, 2008, Theorem 2.4 or Gebhardt and Gonzdlez-Meneses, in press, Corollary 7).
Letx, o, B € G.IfFx*, xP € SSS(x), then x*V# € SSS(x).

Corollary 2.8 (Gebhardt and Gonzdlez-Meneses, in press, Corollary 8). Let x € G. There is a unique
positive element p(x) (possibly trivial) satisfying the following.
(1) X*® € SSS(x).
(2) p(x) < « forevery positive a € G satisfying xX* € SSS(x).

The analogous properties for SC(x) were shown in Gebhardt and Gonzalez-Meneses (in press). They
in particular imply that SCG(x) is a finite and connected directed graph.
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Proposition 2.9 (Gebhardt and Gonzdlez-Meneses, in press, Proposition 7). Let x € G. If x*, x? € SC(x)
for elements o, B € G, then x* € SC(x).

Corollary 2.10 (Gebhardt and Gonzdlez-Meneses, in press, Corollary 9). Let x € G. There is a unique
positive element c(x) (possibly trivial) satisfying the following.

(1) x*® e SC(x).
(2) c(x) < « for every positive a € G satisfying x* € SC(x).

Corollary 2.11 (Gebhardt and Gonzdlez-Meneses, in press, Corollary 10). For any x € G, the graph
SCG(x) is finite and connected.

We remark that in the situation of Proposition 2.9 it is not necessarily true that x*V# e SC(x).
As an example consider the braid x = 0,0410,030102 € By and let« = o7 and B = o3, whence
a V B = 010207 It is easy to check that s>(x) = x, s°(x¥) = x* and s°(x*) = xP. However,
55 (x*VP) £ x¥VP but s* (x*VP) = s(x*VP), that is, x*V# ¢ SC(x).

Cyclic right sliding and right transport

Recall that in a Garside group G with Garside structure (G, P, A), apart from the prefix order <, one
also has the suffix order i, defined by a 3= bif and only if ab=! € P. With respect to the latter, one can
consider the notions of preferred suffix, cyclic right sliding and set of right sliding circuits (denoted
SC(x)), which are analogous to those of preferred prefix, cyclic sliding and set of sliding circuits, but
refer to the partial order = instead of < (cf. Definitions 1.11, 1.12 and 1.14).

Consequently, one can also define a transport map for cyclic right sliding, as follows. We remark
that, when one considers these notions with respect to 3=, and tries to relate them to the analogous
notions with respect to <, one must consider conjugating elements on the left, meaning that a (left)

. . _ -1
conjugating element « relates x to axar ™! = x¥ .

Definition 2.12. Given x, « € G, we define the right transport of « at x under cyclic right sliding as
o' = p'x@ Y ap'(x)~L. Thatis, o’ is the conjugating element that makes the following diagram
commutative, in the sense that the conjugating element along any closed path is trivial:

p'®)
X<——5'(%)

o’

ol 07!
* bl o)
All results for cyclic (left) sliding and (left) transport hold in analogous form for cyclic right
sliding and right transport; the proofs can be translated in a straightforward way. Alternatively, one
can consider a different Garside structure. As shown in Gebhardt and Gonzalez-Meneses (in press),
(G,P~', A=) also is a Garside structure for G, called the reverse Garside structure, and cyclic right
sliding and right transport with respect to (G, P, A) are just cyclic (left) sliding and (left) transport
with respect to (G, P~', A~"). We refer to (Gebhardt and Gonzilez-Meneses, in press, Section 3.3.2)
for details. In particular, we have the following right versions of Lemma 2.1 and Proposition 2.4 (1).

Lemma 2.13. For x € G, one has inf(s'(x)) > inf(x), sup(s’(x)) < sup(x), and £(s"(x)) < £(x). In
particular, if x is a super summit element then so is s (x).

Proposition 2.14. Letx € Gandlet« € G be positive such that x, e SSS(x). Then, the right transport
o' of a at x is positive.
A relation between cyclic (left) sliding and cyclic right sliding is given by the following result.

Proposition 2.15 (Gebhardt and Gonzdlez-Meneses, in press, Proposition 5). Let x € G. Then for any
z € SSS(x) one has p"(s(2)) = p(z) and p"(2) < p(s'(2)).
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3. Description of the algorithm

In this section we will explain the algorithms from Section 1.3 and prove their correctness. The
main idea of these algorithms, as for the previous solutions to the conjugacy problem given in ElRifai
and Morton (1994), Franco and Gonzalez-Meneses (2003) and Gebhardt (2005), is the computation
of a finite subset of the conjugacy class, which is an invariant of the conjugacy class, together with
conjugating elements connecting each pair of elements of this subset. In our case, the finite setis SC(x),
the vertex set of the connected graph SCG(x), and the conjugating elements will be paths in SCG(x).

3.1. Algorithm 3

We start by explaining Algorithm 3 from Section 1.3. We remark that analogues of this algorithm,
which use other sets instead of SC(x), are already given in ElIRifai and Morton (1994), Franco and
Gonzalez-Meneses (2003) and Gebhardt (2005). We explain the version given in this paper which
uses the invariant SC(x).

It is clear from the definition that SC(x) is an invariant subset of the conjugacy class of x. Moreover,
we will see that Algorithm 1 computes, given x € G, an element X € SC(x), that is, SC(x) is non-
empty. Hence, two elements x and y are conjugate if and only if SC(x) = SC(y) or, equivalently,
SC(x) NSC(y) # @. Thus, knowing how to compute SC(x), starting from a given element x, is sufficient
to solve the conjugacy decision problem.

If we also want to solve the conjugacy search problem, that is, we want to find a conjugating
element form x to y in case they are conjugate, then we can do the following. Since SC(x) = SC(y),
we just need to find an element z € SC(x), a conjugating element c from x to z, and a conjugating
element ¢, fromy toz. Thencc, ! conjugates x to y. In order to obtain these conjugating elements, we
proceed as follows.

Suppose that x,y € G are conjugate. As we shall see, Algorithm 1 computes, given x € G, an
element X € SC(x) and a conjugating element c; from x to X. Applying the same algorithm to y, we
obtain an elementy € SC(y) = SC(x) and a conjugating element c, from y to y. Hence, in order to
obtain a conjugating element from x to y, we just need to find a conjugating element from X to y. In
other words, we need to know how to relate, through a conjugation, any pair of elements of SC(x).
This is achieved thanks to the connected graph SCG(x), since the vertices of this graph correspond to
the elements in SC(x), and a path between two vertices corresponds to a conjugating element from
one vertex to the other.

Algorithm 3 computes a conjugating element from X to any other element in SC(x), by computing
a maximal tree of the graph SCG(x). More precisely, the algorithm starts in step 2 by considering
Vv = V' = {x} and ¢y = 1. The set 'V contains the elements which we know belong to SC(x), so at
the beginning it only contains X. The set V' contains the elements of 'V that have not yet been used in
step 3 of the algorithm, so at the beginning V' = V. Finally, whenever a new element v is added to 'V
(and also to V'), we compute an element c,, which is a conjugating element from X to v. Of course, in
step 2 of the algorithm, the conjugating element fromXtoX € Viscy = 1.

Now step 3 does the following: For a known element of SC(x) which has not been processed before,
that is, for some v € 'V, it calls Algorithm 2 to compute the arrows of SCG(x) starting at v. For each
such arrow s, it computes the endpoint v° of the arrow. If v* is not in 'V, this means that we encountered
a new element of SC(x), so we add it to both V and 'V’, and at the same time compute a conjugating
element from X to v*: Since we know a conjugating element ¢, from X to v and a conjugating element
s from v to v°, we can store ¢,s = ¢, - s as conjugating element from X to v*. Notice that the procedure
checks whether v = ¥, since in this case we have already found a conjugating element ¢y from X to
Yy as desired. Concatenating it from the left with the conjugating element from x to X and from the
right with the conjugating element from ¥ to y, this produces a conjugating element from x to y which
becomes the output of the algorithm. Ify is not encountered, we remove v from V' at the end of step 3
in order to record the fact that the arrows starting at v have been processed.

Notice that the procedure in step 3 is repeated while V' # @. Since vV C SC(x), where SC(x) is a
finite set, since every element of 'V is added to V' exactly once, and since the procedure removes one
element from V' each time it is executed, this means that at some point we will have V' = @ and
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the procedure will stop. At this point, the arrows starting at every element of V have been processed
(exactly once). Moreover, one has 'V = SC(x): Otherwise, since the graph SCG(x) is connected by
Corollary 2.11, there would exist some element v € 'V and some element w € SC(x)\V such that there
is an arrow in SCG(x) from v to w. But since v € 'V and V' = @, step 3 has been applied to v, which
means that w has been added to the set 'V, a contradiction. Therefore, when the procedure stops, one
has 'V = SC(x). Ify was not found in 'V, this means thaty ¢ SC(x), whence x and y are not conjugate.

Therefore, Algorithm 3 solves the conjugacy decision problem and the conjugacy search problem
in Garside groups of finite type, provided that Algorithms 1 and 2 are correct.

3.2. Algorithm 1

Given x € G, Algorithm 1 finds one element X € SC(x) and a conjugating element ¢ such that
x¢ = X. This is achieved by iterated applications of cyclic sliding to x. By Corollary 2.2, there must exist
two positive integers 0 < i < j such that s'(x) = ¢ (x), that is, s'(x) € SC(x). Algorithm 1 computes
this element s'(x), where i is minimal. This is done by storing all the elements {s™(x) | m > 0}, the
trajectory of x under cyclic sliding, in a set called 7. Initially, one has 7 = #fand X = x. At the beginning
of the kth iteration of the loop in step 2, one has 7 = {s°(x), s'(x), ..., s 2(x)} and X = "1 (x). If
X ¢ 7, thenXis added to 7 and cyclic sliding is applied to X before the next iteration of the loop.
Otherwise, a repetition (the first one) has been found and the loop terminates.

Moreover, c is at every time a conjugating element from x tox: At the beginning of the first iteration
of the loop in step 2, ¢ = 1 is a conjugating element from x to X = x. In each iteration of the loop,
the element ¢, which is a conjugating element from x to X, is multiplied on the right by p(¥), yielding
a conjugating element from x to s(x), and X is replaced by s(x).

Therefore, when the loop of step 2 stops, X = s'(x) € SC(x) (with i minimal) and c is a conjugating
element from x to X, as desired. But notice that the conjugating element ¢ is unnecessarily long, as
it contains, as a suffix, the product of all conjugating elements along the sliding circuit containing x.
Steps 3 and 4 remove this suffix from c.

Step 3 initialises y = s(x) and d = p(X). The loop in step 4 checks whether y = X, otherwise applies
cyclic siding to y and multiplies d by the corresponding conjugating element, p(y), in such a way that
when the loop terminates, the element d equals the product of all conjugating elements along the
sliding circuit containing X. The algorithm then returns X € SC(x) and cd~! as the conjugating element
from x to X.

3.3. Algorithm 2

Algorithm 2 is the most involved among all the procedures in this paper. It takes an element
v € SC(x), that is, a vertex of the graph SCG(x), and computes the arrows of SCG(x) starting at v.
In other words, Algorithm 2 computes the indecomposable conjugators from v to other elements of
SC(x). To show the correctness of each step of the algorithm, we first need to prove some theoretical
results.

Recall the definition of p(y) for y € G in Corollary 2.8 and the definition of c(y) fory € G in
Corollary 2.10; the existence of these elements is crucial for computing the sliding circuits graph of
an element x € G.

Corollary 3.1. Letx € G. Giveny € SSS(x) and s € G, define ps = ps(¥) = s- p()°). Then p; is the unique
<-minimal element satisfying s < ps and y* € SSS(x). Moreover, ps(y) < AS'P®,

Proof. The first claim follows directly from Proposition 2.6 and Corollary 2.8. The second claim holds
since s < ASP®) and y2*™ € SSS(x) by Lemma 1.10. O

Corollary 3.2. Let x € G. Giveny € SC(x) and s € G, define c; = c;(y) = s - c(¥*). Then c; is the unique
<-minimal element satisfying s < ¢; and y* € SC(x). Moreover, c;(y) < AS'P®),

Proof. The first claim follows directly from Proposition 2.9 and Corollary 2.10. The second claim holds
since s < AP and y2*™ € SC(x) by Lemma 1.15. O
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Corollary 3.3. Letx € Gand lety € SC(x) be a vertex of SCG(x). Then the following hold.

(1) The label of each arrow in SCG(x) is a simple element.
(2) The number of arrows in SCG(x) starting at y is bounded by the number of atoms of G.

Proof. Let s be an arrow starting at y. Since y* € SC(x) by Lemma 1.15, we have y**4 e SC(x) by
Proposition 2.9. As arrows are indecomposable by definition, this implies s = s A A proving Claim 1.
For Claim 2 note that for any arrow s starting at y and any atom a < s we have ¢,(y) = s by Corollary 3.2
and the indecomposability of s. O

In order to find the arrows starting at y it is hence sufficient to consider the set of simple elements
{ca(¥) | ais an atom of G}. Let us then see how to compute c;(y) giveny € SC(x) and s € G.

By Lemma 2.5, the element c; we are looking for is a fixed point under some power of transport
along the sliding circuit containing y, and we know by Proposition 2.4 (4) that transport of conjugating
elements between super summit elements respects the partial order <. The basic idea is to apply
iterated transport to a suitable element p,, which is derived from s and satisfies s < ps < s, until that
fixed point is reached. All we need to do is to ensure that y” is super summit (so that < is respected)
and that s < pgkN) for a sufficiently large multiple kN of the length N of the sliding circuit containing
y (so that we can be sure that we obtain the “right” fixed point, that is, one which has s as a prefix).

The first step in the computation of p; is to find the x-minimal element p; satisfying s < ps and
yPs € SSS(x) (cf. Corollary 3.1); this is due to Franco and Gonzalez-Meneses (2003). Note that ps < ¢
since SC(x) C SSS(x). By Corollary 3.1, we have p; = s - p(¥®), so we just need to be able to compute
p(¥*). This is achieved by the following result.

Proposition 3.4. For x € G, the following algorithm computes p(x) as in Corollary 2.8.
(1) Set p = 1.
(2) While inf(x?) < inf(x) or sup(x”) > sup(x) do:
@Setp=p-(1 v (x*)"TANED v xP A7SUPsR)),
(3) Return p(x) = p.

Ifx = y° withy € SSS(x), then the algorithm terminates after at most £(s)-|| A|| passes through the
loop.

Proof. Since some power A°¢ of A is central in G, we can choose a positive element « such that
xP* e SSS(x). Then, by Lemma 1.10, (x**)~! e SSS(x~!) and we have sup((x**)~!) = —inf,(x)
and sup(x*%) = supy(x). Thus x° < x°a = ax’® < @ APsW, whence x” A™5Ps® < ¢ and, similarly,
*x°)~1AM® < ¢ As 1 < a, the above implies 1 v (x°)~1AG® v xP A=SUs®) < o Moreover,
1v x°)1AN® v xP A=SUs®) — 1 if and only if sup(x®) < sup,(x) and inf(x”) = — sup((x*)~!) >
infs(x), that is, if and only if x* € SSS(x).

Hence, at any stage of the above algorithm, the element p satisfies p < c for every positive element
¢ € Gsuchthatx® € SSS(x). In particular, || p| is bounded. As ||p|| is strictly increasing at every step of
the algorithm, the algorithm terminates and outputs p(x) as claimed. Finally, if x = y* withy € SSS(x),
then p(x) < s71ASP®) < AY® whence the algorithm terminates after at most £(s)-||A|| steps. O

Corollary 3.5. Steps 3(a) and 3(b) in Algorithm 2 compute the element p,,. The body of the while loop is
executed at most ||A|| times.

Proof. Note that in steps 3(a) and 3(b) of Algorithm 2 we have v € SC(x) < SSS(x), that is,
£(v) = supg(x) — infs(x), sup(v®) > sup,(x), and inf(v®) < inf;(x). In particular, £(v*) > £(v) if
and only if inf(v®) < infs(x) or sup(v®) > sup,(x). Hence, by Proposition 3.4, steps 3(a) and 3(b) in
Algorithm 2 compute exactly a; - p(v*) = pq,. Since £(a;) = 1, the algorithm terminates after at most
||Al| passes through the while loop. O

computation in step 2(a) of the algorithm in Proposition 3.4 can be performed efficiently using the
following result.

Proposition 3.6. Ifx € G such that sup(x) = q+ r with0 < r < £(x), then 1 v xA™% is the product of
the leftmost r factors of the right normal form of x.
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Proof. By Lemma 1.3, we have 1V xA™ = (1 A" A% )™ = ((x A’ A")x‘l)_l =x(x A" AD1As
x A" A9 contains all but the leftmost r factors of the right normal form of x, the claim follows. O

Next we consider the sequence of iterated transports along the sliding circuit which contains the
element y. This sequence will eventually become periodic; we are interested in the periodic part.

Definition 3.7. Let x € G,y € SC(x) and u € G such that y* € SSS(x) and let N be the length of
the sliding circuit containing y, that is, let N be the smallest positive integer such that s¥ (y) = y. For
integers i > 0 consider the transports u®™ at y. By Lemma 2.5, there are integers i, > i; > 0 such
that u@N) = y@®@N Let i; and i, be minimal subject to this condition and define I(u) = i, — i; and
Fu) = {u™ |i; <i<i).

Lemma 3.8. In the situation of Definition 3.7, the following hold.

(1) For all k > iy, one has u‘*+tIN) — &N) qnd [(u) is the minimal positive integer satisfying this
condition.
In particular, for all v € F(u) and all i € N one has v@#®N) =y whence y* € SC(x).
(2) 1 € F(u) ifand only if F(u) = {1}.
(3) ¥* € SC(x) ifand only if u € F(u).
(4) Fu) = {u™ |ie Nandy*™ e SCx)).

Proof. Claim 1 follows by induction on k and Lemma 2.5. For Claim 2, assume 1 € F(u) and choose
k minimal such that ™ = 1. Then, u*™ = 1forall k¥ > k, thatis,i; = kandi, — i; = 1.In
particular, F(u) = {1}. The converse is trivial, so Claim 2 is shown. Claim 3 follows with Lemma 2.5.
Claim 4 follows from Claim 1 and Lemma 2.5 together with the minimality of i;. O

In other words, the periodic part F (u) of the sequence of iterated transports contains those iterated
transports u™ of u along the sliding circuit of y, which are fixed by repeated transport along the

sliding circuit; these iterated transports u™ are precisely those satisfying y”(w) € SC(x).
Under certain conditions, we can use the set F(u) to draw conclusions about the element c;
(cf. Corollary 3.2) we are interested in; the following two lemmata make this statement precise.

Lemma 3.9. Letx € G,y € SC(x), s € G and denote c; = cs(y). Let N be the length of the sliding circuit

containing y, that is, let N be the smallest positive integer such that sV (y) = y. If ¢s < csﬁN) forsomei >0
then ¢V = ¢,.

Proof. First notice that c; € F(c;) by its definition (cf. Corollary 3.2) and Lemma 3.8. Now assume that

cs(iN) = ¢y with a positive element y. By induction, ¢,y < cs("iN) for all k > 1 by Proposition 2.4 (4).

Again using Lemma 3.8, we have ¢; < ¢y < @™ = ¢ thatis,y = 1. O
Lemma 3.10. Let x € G,y € SC(x), s € P and denote c; = cs(y). Assume that u is a positive element
satisfying u < ¢ and y* € SSS(y) and assume further that F = F(u) # {1}.

(1) Ifthere exists v € F such thats < v then¢c; = v.
(2) Ifs £ v forallv € F, then c; is not an indecomposable conjugator starting at y.

Proof. First note that by Proposition 2.4 (4), we have u® < ¢ foralli > 0.

Assume first that there exists an element v € F such thats < v. We have y” € SC(x) by Lemma 3.8.
The minimality of ¢; (Corollary 3.2) then implies ¢; < v. Let N be the smallest positive integer such
that s (y) = y. Now v = u™ for some i, whence ¢; < v = u™ < ¢/ Lemma 3.9 then yields v = c;
and Claim 1 is shown.

Now assume that s £ v for all v € F and let i be a multiple of I(c;) sufficiently large so
that v = u™ e F.Since1 ¢ F, we have v # 1andy’ e SC(x) by Lemma 3.8. Moreover,
v =u™ < ™ = ¢ andv # ¢, sinces £ vbuts < c. Hence, ¢ is not an indecomposable
conjugator starting at y and Claim 2 is shown. O

Recall that we are trying to compute the arrows of SCG(x) starting at y. In Algorithm 2, we start
with an atom a and we try to see if there is an arrow c starting at y such thata < c or, equivalently, such
that pg < ¢4 < €. (pq and ¢, were defined in Corollaries 3.1 and 3.2) As arrows are indecomposable,
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¢s < ¢ would imply ¢, = c, thatis, ¢, is the only candidate for the arrow c. Lemma 3.10 says that if
F(pq) # {1} then we will have no problem, since either ¢, can be computed by iterated transport of
pq along the sliding circuit containing y, or we can be sure that there is no such arrow c, since ¢, is
decomposable. Unfortunately, it may occur that F(0,) = {1}, as we can see in the following example:

Example 3.11. Consider in the Artin braid group Bs the elements y = x = A - 6201040304 - 01, in left
normal form as written, and s = o30,07. It is easy to check that s®(y) = y, thatis, y € SC(x). Since
¥* = A - 0103 - 03030103 is in left normal form as written, y° € SSS(x), that is, ps = s.

However, sV’ = p(y)~'sp(y*) = 1 and hence F(s) = {1}, that is, the requirements of Lemma 3.10
are not satisfied.

The above example shows that one could possibly have F(p,) = {1} for some atom a in the
situation of Algorithm 2. In this case, Lemma 3.10 would not guarantee that iterated transport is
sufficient to find c, or to be sure that c, is decomposable. Let us now see that there is another condition
which also ensures that either ¢, can be computed by iterated transport, or that it is decomposable; it
is given by the corollary to the following result.

Lemma 3.12. Letx € Gand v € SC(x). Let s # 1 be a positive element such that v* € SSS(x). Ifs® = 1
forsomek > 1, thens A p(v) # 1.

Proof. This proof parallels the one of (Gebhardt, 2005, Lemma 4.11). Denote w = v°. By hypothesis

sO = (b)) - pE ) s (pWIp(sw)) - - G (w))) = 1,
that is,

s (pw)p(s(w)) - - p(s* T (w))) = p(VIp(s(V)) - - - p(s* ' (V).

We will show the result by induction on k. If k = 1, one has sp(w) = p(v), hence s A p(v) = s # 1.
Suppose the result is true for k — 1, and consider s. We can assume that sV = 1, otherwise the
result would hold by applying the case k = 1. But we have (s(V)*~D = 1, so by induction hypothesis
s A p(s(v)) 1.

Recall that the transport tV of an element t at v satisfies t(V = p(v)~'tp(v’). For t = p(v) this
yields p(v)® = p(v"™) = p(s(v)). As the transport preserves A by Proposition 2.4 (6), one hence has
$sAp() D = sDAp()D = s Ap(s(v)) # 1, whichimpliessAp(v) # 1by Proposition2.4(3). O

Corollary 3.13. Let x € G and v € SC(x). Let a be an atom such that a £ p(v). Then either F(pq) # {1}
or ¢, is not an indecomposable conjugator starting at v.

Proof. Suppose that F(p,) = {1}. This means that some iterated transport (o,)® = 1 for some k > 1.
By Lemma 3.12 we have p; A p(v) # 1. Hence there must exist an atom b such that b < p; A p(v).
Since b < p(v) and v*® e SC(x), it follows that ¢, < p(v). On the other hand, since b < p, < g it
follows that ¢, < ¢,. But one cannot have ¢, = c,, otherwise a < ¢, = ¢, < p(v), which is not possible
by hypothesis. Therefore, c, is a proper prefix of c¢,, which means that ¢, is not an indecomposable
conjugator starting at v. O

Recall that if F(p,) # {1} then either c, can be found by iterated transport or c, is not
indecomposable by Lemma 3.10. Hence, if a £ p(v), we just need iterated transport in order to
compute or to discard c,. The case that remains to be dealt with is the case a < p(v) and F(p,) = {1}.

We will now consider the more general situation that F(p;) = {1} for some elements € G. Iterated
transport of ps reaches the “wrong” fixed point in this situation. The solution is to apply iterated
transport not to p; itself, but to a related element p satisfying p; < p < ¢ for which the existence
of v € F(p) with s < v is guaranteed. To this end we introduce the notion of the “pullback” of an
element s, defined as the <-minimal among the elements whose transport has s as a prefix.
Definition 3.14. Letx € G,z € SC(x),y = s(z) and lets € Gbe positive. By Propositions 2.6 and 2.4(6),
there exists a unique <-minimal positive element s(;y € G satisfying z® € SSS(x) and s < (s(l))“),
where (s(;))V indicates the transport of s(;) at z. We call s(1y the pullback of s at y.

For any integer k > 1 we define recursively the k-fold pullback s = (S-1))(1) of s at y. Note that
(Sk—1)) (1) indicates the pullback of s¢_1) at the unique element w in the sliding circuit of y satisfying
s¥"1(w) = y. We also define sg) = s.
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Lemma 3.15. Let x € G,z € SC(x), y = s*(z) for a positive integer k and let s € G be positive. Then, the
k-fold pullback sy of s at y is the x-minimal positive element satisfying s < (s(k))(") and zZ°® € SSS(x).

Proof. The claim holds for k = 1 by definition of the pullback. Suppose the claim is true for k — 1. By
Proposition 2.4 (4), one then has s < (Sx—1)*V < (Ga—1)) 1)) D = (s4))®. Moreover, if « is
a positive element such that s < o® and z% € SSS(x), then by Proposition 2.4 and Lemma 2.1, «‘"
is a positive element satisfying s < (@)%~ and s(z)*" = s(z%) € SSS(x). Hence, sk—1 < oV by
induction. By the definition of the pullback of s_1, we then have s, = (Sk—1)) (1) < o, as we wanted
to show. O

Lemma 3.16. Letx € G,z € SC(x), y = s*(z) for a positive integer k and let s, t € Gsuchthat1 < s < t.
Then, the k-fold pullbacks sy, of s and t, of t aty satisfy Sqy < -

Proof. By Lemma 3.15, we have t < (fq))*® and z'® € SSS(x). Hence s < t < (ty))® and, again using
Lemma 3.15, we obtain s, < ty) as we wanted to show. O

Lemma 3.17. Letx € G,z € SC(x),y = s(z) and let s € G be positive. Then the pullback sy of s aty
satisfies s¢1y < AP, In particular, the pullback of a simple element is simple.

Proof. Let ¢ = sup(s) > O and consider transport at z. We have s < A7 = (ADD by
Proposition 2.4 (3). Moreover, AY is positive and z4" € SSS(x) by Lemma 1.10. By <-minimality of
S(1), we obtain sy < A?as claimed. O

We remark that in general A‘(’D # A9 (This is no surprise, as sV = A7 does not imply s = A?.)
Consider, for instance, the braid y = 030201030204 € Bs. It is easy to check that s*(y) = y. Denoting
z = 53(y) = 020103020304 and s = 030,0104030,04030, one easily verifies that the transport sV of
satzis A, thatis, the pullback A of A aty satisfies A¢qy < s # A. (In fact, one has A¢;) = s.)

The next result shows how one can use pullbacks to compute ¢ in the case in which F(ps) = {1}
may occur.

Proposition 3.18. Let x € G, v € SC(x) and let N be the length of the sliding circuit of v, that is, let N be
the smallest positive integer such that s" (v) = v. Lets € P \ {1} such that v* € SSS(x) and for integers
k > 0 consider the iterated pullbacks sy at v. Leti > 0 be such that sny = s(n) for some j > i. Then c;
is the only element in F (siny) which admits s as a prefix. In particular, F (sgny) # {1}.

Proof. First note that by Lemma 3.17, we have 1 < sgv) < ASWPG) for all k > 0. As G is of finite
type, the number of such elements is finite, whence there exist integers i > 0 and j > i such that
S@N) = S(N)-

Letm = i(j—1i) > iand denote p = s¢yy). Notice that iterated N-fold pullback becomes periodic of
period j—istarting from the ith term, hence p;—in) = pforallk > 0, thatis, p = sq—in) forallk > i.
Now recall from Lemma 2.5 that, since v € SC(x), we have (¢;)™ = ¢, for some t > 1. Consider
then M > i to be a multiple of t, big enough so that p™0="M ¢ F(p). According to Lemma 3.15,
P = Su(—in) is the <-minimal positive element such that s < pMY=N)_ This implies that F(p) # {1}
and that F(p) contains an element admitting s as a prefix. Moreover, s < ¢; = (¢;) ™=V where the
equality in the last step holds since M is a multiple of t. By the minimality of p one finally has p < c.
We can then apply Lemma 3.10 to p, and conclude that c; = pMU=9™ e F(p). Uniqueness also follows
from Lemma 3.10.

It only remains to be shown that F(p) = F(s¢n), thatis F(simny) = F(Sn)) for m as above; indeed,
we will show that F(sn)) = F(S¢n)) for all k > i. Since iterated N-fold pullback is periodic of period
j — ifrom the ith term, we can assume i < k < j.

We have sgyy < (Sawy) @V and also suny < (Sgn) TN = (sany) U0V by Lemma 3.15.
Applying (k — i)N-fold transport to the second expression and using Proposition 2.4 (4), one obtains
(S N < (sawy) UM, Together with the first expression, this yields sivy < (Sgavy) V) <
(i) IO,

Using Proposition 2.4 (4) again, we can for any K > 0 apply K-fold transport to this expression
and we see that (sin))© < (sany) €FEIN < (s40)) KF0-DN for all K > 0. That is, for any integer K
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large enough so that s’ = (say))® € F(su)), we have ¢y = 5" < (s)(U""V) and hence s’ = (s)(0=IV)

by Lemma 3.9 (where s’ = cy is chosen as the element s in the statement of the lemma). Hence,

the above inequality implies s’ = (sqav)) € %), As this is true for all sufficiently large K, we have

F(siny) = F(s@ny). In particular, F(p) = F(sun)), whence ¢; € F(sn)), as we wanted to show. O
The following result allows us to compute pullbacks in the situation of Algorithm 2.

Proposition 3.19. Let x € G,z € SC(x), y = 5(z) and let s € G be positive such that y* is super summit.
Then the pullback of s at y, as given in Definition 3.14, is

sy = (p@sp'0H7") Vv 1.

Proof. Letu = (p(z) s p“(ys)‘l) Vv 1. We show that u satisfies the defining properties of s(;). The
following commutative diagram illustrates the situation; all conjugating elements corresponding to
arrows will be shown to be positive.

L EO=p)

>
@
w =s5"(y") : zt * ¥ s(s'(y%)) s(z) s(y°)
p (ys p(*)
N
z—Y
p(2)

Claim 1: z* € SSS(x).
Proof: As y* € SSS(x), we have zP® $#'09™" — 57(3%) € SSS(x) by Lemma 2.13. Then, Corollary 2.7
implies z* € SSS(x), since u = (p(z) sp"(¥*)™') v 1.
Claim 2: u is a positive element and s < u‘V.
Proof: The element u is positive by definition. Moreover, defining o = p'(y*) A" p(z)s, we have
u= (p@sp’0")™") v (p@ssTp@") = p@s (p'0H vV sIp@) ") = p@)sa! by
Lemma 1.3.

Since « is a positive suffix of p"(y*), we can write p"(y°) = aa for some positive a. Denoting
w = 5'(), we have w® = s'(y*)P 02 = ()¢ = @7 — 2 Hence w® = z" € SSS(x)
by Claim 1.

By Proposition 2.]5, aae = p'(y°) = pGE'(Y*)) = p(w). On the other hand, as a is positive,
w € SSS(x) and w® € SSS(x), we obtain with Proposition 2.4 (2) that p(w) < a p(w?®). Therefore

< p(w) ap(w®, soa < p(w?) = p(z¥). This means 1 < o~ 'p(z*), whence we finally obtain

s<sa p@) = p@)  up@) = ulh,
Claim 3:If t is a posmve element such that z' € SSS(x) and s < tV, thenu < t.
Proof: Write t() = sy for some positive element y and apply cyclic rlght sliding to y, ¥° and

y‘“) = s(z"), as shown in the following commutative diagram.
St p(z) 2ty <" "(s2")) & '(s(2))
T Tyw
LA 2 ")

t yY<=———: 0’5)

T Tsm’
p@) P 5
s'(y)

We obtain t = p(z)sy p)~! = p@)sp' )~y [p"(s(z") p(z") "], where ¥ is positive
by Proposition 2.14 and the factor in brackets is positive by Proposition 2.15. Therefore, we have
p(@) sp'(¥*)! < t, and since t is positive, one finally obtains u = (p(z) S p”(ys)‘l) vV ixt. O
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Example 3.20. Consider the situation from Example 3.11. The trajectory of y = A - 6201040304 - 01
under cyclic sliding has length N = 6. Computing iterated pullbacks of ps = s = 030,07 at y we
obtain $(12) = S) = 0304. Hence, using the notation from Proposition 3.18, we havei = 1and j = 2.
Computing iterated transports of p = suy) = S = 0304, we obtain p'? = p® = 53050,04.
Hence, we have F(p) = {p®} and as s < p®, we obtain ¢, = p® = 030,0404.
Note that p ¢ F(p), that is, computing iterated transports is necessary even after reaching a stable
loop under iterated N-fold pullback.

The results obtained in this section ensure that step 3(c) of Algorithm 2, if executed, will compute
an element (pq, ) in), one of whose iterated transports is precisely ¢4, . This computation is only done
whenever a; < p(v), which is the only case, as we saw above, in which we cannot be sure to find ¢,, or
to be able to discard ¢4, as decomposable using F (o, ). Note, in particular, that computing pullbacks is
not necessary if v is rigid (or, by (Gebhardt and Gonzalez-Meneses, in press, Theorem 1) equivalently,
has a rigid conjugate). The algorithm continues in step 3(d) by applying iterated transport to the
corresponding element (either pq, or (o, )(n)) until the first repetition occurs. Then, step 3 (e) checks
whether any of the elements in F(p,, ) respectively F((oq, )n)) admits a; as a prefix, in which case it
will precisely be ¢,, by Lemma 3.10. If a; does not occur as a prefix, then ¢,, is not indecomposable by
Lemma 3.10, Corollary 3.13 and Proposition 3.18.

However, even if ¢q, occurs as an element of F(p,, ) respectively F((pq, ) in)). it is not necessarily an
indecomposable conjugator. The latter property is checked in step 3 (e)i: The set Atoms will eventually
contain the atoms a such that c,, is an indecomposable conjugator starting at v and k = max{i| a;
Cq, }- Suppose that we have computed c,, for some atom a,. If t is not the biggest index among the
atoms dividing c,,, then we can discard ¢,, at this step since, if it is indecomposable, it will appear
again in a further step of the algorithm, when the mentioned atom is processed. On the other hand, if
t is the maximal index among the atoms dividing ¢, but ¢4, is decomposable, then there must exist
some indecomposable ¢, < ¢4, where [ < t is maximal among the atoms dividing c,,. In particular,
aj has been processed before a;, and we must have a; € Atoms. Therefore, if a; « ¢,, for all a, € Atoms
and also for all k > ¢, we can be sure that c,, is indecomposable, and we can add a; to the set Atoms.
This is what is done in step 3 (e)i, hence Algorithm 2 computes the arrows starting at v, as claimed.

4. Complexity of the algorithms

4.1. Computing in Garside groups

In this section, we will describe how one can perform all the computations required by our
algorithms in any Garside group of finite type, provided some basic operations on simple elements
can be performed. We refer the reader to (Michel, 1997) for a similar approach.

We remark that in a particular Garside group there may be specific algorithms having better
complexity than the generic ones we describe below. This is in particular the case for braid groups
(see Epstein et al., 1992 and Birman et al., 1998). Hence one should not use the algorithms below if
one just needs to make computations in braid groups.

4.1.1. Context of the complexity analyses

We analyse the complexity of algorithms in terms of two numerical invariants of the Garside
group G: firstly the number A of atoms of G, and secondly the maximal length || A|| of an expression of
the Garside element in terms of atoms. Considering the posets of simple elements with respect to the
partial orders < and 3=, these invariants give the number of minimal elements respectively the height
of the poset.

Example 4.1.
(1) Consider the Artin braid group B, on n strands. There are n! simple elements in B,. We have
A=n—1and A = in(n—1).

(2) Consider the braid group BKL, on n strands in the Birman-Ko-Lee presentation. There are %

simple elements in BKL,. We have A = %n(n —Dand Al =n—1.
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Note that in both cases, A and || A|| grow polynomially in n, whereas the number of simple elements
grows exponentially in n.

Although we are in this section not specifically interested in braid groups, Example 4.1 illustrates
that precalculating information for all simple elements, and even producing an explicit list of all simple
elements, should be avoided; the number of simple elements even in relatively basic Garside groups
can be impractically large. In the case of the braid groups, any such precomputation would result in
both the time and the space complexity of the algorithm being exponential in n. The example also
shows that the number of simple elements would be a very bad parameter to use for the purpose of a
complexity analysis.

We will frequently have to compute a sequence of elements and test for repetitions. In order to do
that efficiently, we use hash tables.

Hash tables
Let K € N,let D € N be coprime toK,andleth : M — {0,...,K — 1}. A hash table of size K
for storing elements of M is an array T of size K, whose fields are labelled by O, ..., K — 1, which is

initially empty. The function h is called the hash function.

The hash positions for an element m € M are the fields h;(m) = h(m) + iD (mod K) of T for
i =0,1,...; the position hy(m) is called the primary hash position of m, the positions h;(m) with
i > 0 are called the secondary hash positions of m.

An element m € M is inserted into T by storing it in the first of its hash positions which is empty.
In order to test whether an element m is contained in T it is sufficient to examine its hash positions in
order, until either the element m is found or an empty hash position is encountered. The probability
of secondary hash positions being used can be made arbitrarily small by choosing K large compared
to the number of elements stored in T. If this probability is negligible, testing whether an element is
in T, and inserting it if it is not, on average requires the computation of one hash value and possibly
one element comparison.

For more information on hashing we refer to Knuth (1998).

4.1.2. Basic assumptions

Assumption 4.2. Let G be a Garside group of finite type. We assume that the Garside element A of
G and the list A4 = {ay, ..., a,} of atoms of G are known and that the following operations can be
performed effectively; we consider the cost of these operations to be O(C).

(H) Given a simple element s, compute a hash value for s.
(Op) Given an atom a € 4 and a simple element s, test whether a < s (respectively s 3= a) and, if yes,
compute the simple element a~'s (respectively s a=1).

We further assume that elements of G are stored as products (sequences) of simple elements or
inverses of simple elements. Then, two elements consisting of at most k such factors can be multiplied
at a cost of O(k) simply by concatenating the corresponding sequences.

We remark that we also could have considered the following additional basic operations:

(Op1) Given a simple element s, test whethers = 1.

(Op2) Given two simple elements s and t, test whether s = t.

(Op3) Given an atom a € + and a simple element s, test whether sa (resp. as) is simple and, if yes,
compute the simple element sa (resp. as).

However, if s is a simple element, then s = 1is equivalent to a; £ s foralli = 1, ..., A, where the
latter condition can be tested using the operation (Op) at most A times. Hence, (Op1) can be realised in
terms of (Op) at a cost of O(CA). We will moreover see below that (Op2) and (Op3) can be realised in
terms of (Op) at a cost of O(CA || Al|). While doing so may not yield the most efficient ways of realising
(Op1), (0Op2) and (Op3), it does not change the complexities of the algorithms we consider.

We remark that the operations (Op) and (Op3) can be realised at equal cost in many Garside groups;
this is the case for braid groups, for instance. However, as we are working with a generic Garside group
of finite type, we want to keep our assumptions to the minimum. We moreover mention that one could
use (Op3) as basic operation instead of (Op): if the cost of (Op3) is O(C), then one can test at a cost
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of O(CA) whether a simple element is equal to A and the operations (Op) and (Op2) can be realised
in terms of (Op3) at a cost of O(CA || A|); the map 8 induces a duality between this situation and
the situation from Assumption 4.2. Finally, note that (Op1) can be realised in terms of (Op3) at a cost
of O(CA), if A is the Icm of the atoms of G: in this case, d(s) = A is equivalent to a; < 9(s) for all
i=1,..., A thatis,s = 1is equivalenttosa; € [1, A]foralli=1, ..., A.

An important remark concerning the algorithms below is the following: One of the most frequently
used operations consists of determining an atom a such that a < s, given a nontrivial simple element
s. If the simple elements are stored as products of atoms, this operation has a cost of O(1). However,
if the simple elements are stored in a different way, it is possible that the only way to find such an
atom is to check whether a < s for every a € «, until the answer is positive. This has time complexity
O(CA). Therefore, in the algorithms below we will sometimes write ‘Take an atom a < s’, and we will
assume that this operation has a cost of O(CA), although the reader should notice that the actual cost
could be only O(1) in some situations.

4.1.3. Algorithms for computing in a generic Garside group

The first computations which we will express in terms of the basic operations are computing left
and right complements of simple elements and conjugation of simple elements by A or A™!. We
will also see a generic way of performing the operations (Op2) and (Op3). The following algorithm
underlies all of these:

‘ Computing the right complement of a simple element ‘

Input: A simple element s.
Output: The simple element 3(s) = s~ A.
(1) Setd = A.

(2) While s # 1 do:

(a) Take an atoma < s.

(b) Setd =a"'dands =a"'s.
(3) Returnd.

At most || A || passes through the loop are required and the costs of the test s # 1, step 2(a)
and step 2(b) are O(CX), O(CX) and O(C), respectively. Hence, the complexity of this algorithm is
O(CA || A ). Notice that 3-'(s) = A s~! can be computed in the same way, replacing < by >
and multiplying with a=' on the right instead of on the left. The given algorithm can also be used
to compute 7(s) = 9%(s) or T~!(s) = 92(s), so all these operations have a cost of O(CA || A])).

Given a simple element s and an atom a, one can determine whether sa is simple by computing
d(s) with the above algorithm and checking whether a < 9(s), where the latter step has a cost of
0(C) by Assumption 4.2. Moreover, if sa is simple, one can compute sa = 9~ !(a~'9(s)). That is, we
can perform operation (Op3) that way. Similarly, one can determine whether as is simple by checking
whether 71(s) 3= a and, if it is, one can compute as = 8(d~'(s)a™"). All these operations have a cost
of O(CA ||A])).

Next, we will describe the lattice operations on simple elements, which are important for
computing normal forms of elements.

Computing the greatest common divisor of two simple elements

Input: Two simple elements s and ¢.
Output: The simple elements A t.

(1) Seti=1andd = A.
(2) Whilei < Ado:
(a) Ifa; < sand q; < t, then
(b) setd = ai_ld, sets = ai_ls, sett = ai_lt and seti =1,
else
(c) seti=1i+ 1.
(3) Return 9~ '(d).
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The tests in step 2(a) and the operations in step 2(b) have a cost of O(C), step 3 has a cost of
O(CA ]| A]), and all remaining operations have a cost of O(1). As step 2(b) is executed at most || A||
times, with at most A passes through the while loop between two consecutive executions, the cost
of step 2 is O(CA || AJ]), so the complexity of the algorithm is also O(CA || A||). Note that finding the
atoms which are common divisors of s and t is critical for the complexity of the algorithm. Thus, even
if step 3 was avoided by making use of a realisation of (Op3) with a cost of O(C), the complexity of the
algorithm would not improve.

By symmetry, one can similarly compute the greatest common divisor s A" t with respect to .

Least common multiples of simple elements with respect to < or 3= can now be computed using
the following formulae, which can easily be seen to hold:

svie=09""(3as) AT (), svit=09(0"" () A0 (D).
Therefore, computing s \ t or s V" t also takes time O(CA ||Al]).

Ass = tisequivalenttos = sAt = t, we can use the following modification of the above algorithm
to test whether two simple elements are equal, that is, perform operation (Op2).

Testing whether two simple elements are equal ‘

Input: Two simple elements s and t.
Output: The truth value of s = t.
(1) Seti=1.

(2) Whilei < A do:
(a) Ifa; < sand g; < t, then
(b)  sets=a; 's,;sett =a; 'tandseti=1,
else
(c) seti=1i+ 1.
(3) If s = 1and t = 1, then return true, else return false.

The cost of step 3 is O(CX); all other steps are as before. Hence, the complexity of the algorithm is
O(CA ||AJ)). This implies, in particular, that two elements of canonical length at most k whose (left or
right) normal forms are known, can be compared at a cost of O(CAk ||A||) by comparing their infima
(ata cost of O(1)) and at most k pairs of simple elements.

The following algorithm computing the local sliding of a pair of simple elements is also just a small
modification of the algorithm computing the gcd of two simple elements:

‘ Computing the local sliding of a pair of simple elements ‘

Input: Two simple elements s and t.
Output: The simple elements s(3(s) A t) and (3(s) A t)7't.

(1) Seti=1ands = a(s).
(2) Whilei < A do:
(a) Ifa; < s’ and a; < t, then
(b)  sets’ =a;'s,sett =a; 'tandseti=1,
else
(c) seti=1i+ 1.
(3) Return 9~1(s), t.

The cost of step 1is O(CA || A|]); all other steps are identical. Hence, the local sliding of a pair of
simple elements can also be computed at a cost of O(CA || A]]).

Knowing how to compute local slidings, one can use the standard algorithms to compute the left
or right normal form of any element (see Section 1.1), based on the following well-known result.

Proposition 4.3 (see, for example, (Charney, 1992, Props. 3.1 and 3.3) or (Epstein et al., 1992)). Let sy,
..., Sxand sy, s | be simple elements such that the product sy - - - 5. is in left normal form as written.
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(1) Consider the product syS1 - - - Sk. Fori = 1,..., k apply a local sliding to the pair s_;s;, that is, let
t; = (s;_,) A siand define s/ , =s,_,t;and s, =t 's;. Finally define s} = s,. Then, s - - - s, is the
left normal form of syS1 - - - s (Where possibly s§ = Aors;, = 1).

(2) Consider the product sy - - - syS.1. Fori = k, ..., 1 apply a local sliding to the pair s;s;, ,, that is, let
ti = 9(si) Asi,, and defines; = st and s}, | = t;'s/, ,. Finally define s| = s,. Then, s - - - s}, , is the

left normal form of s; - - - sy, (Where possibly s{ = A or s = 1).

Given an element x written as a product of k simple elements or inverses of simple elements, the
left normal form of x can be obtained as follows. First, one replaces each inverse s~! of a simple element
with A=1971(s); at most k replacements are necessary and each replacement has a cost of O(CA ||A])).
Then, one collects all appearances of A or A~ on the left hand side, applying t or ™! as required,
so that the element will be written as A9sy - - - s, where each s; is a simple element; the number of
applications of 7 or ! is bounded by k(k — 1)/2 and each application has a cost of O(CA || A ).
Finally, one applies local slidings to every pair of consecutive simple elements until every pair is left
weighted; it follows from Proposition 4.3 that at most k(k — 1) /2 local slidings are required, each at a
cost of O(CA ||Al). Therefore, the complexity of computing the left normal form of x is O(CAk? || A]).
Computing right normal forms is analogous and has the same complexity.

Note, however, that if the left normal form (resp. the right normal form) of x is known and s is a
simple element, then the left normal forms (resp. the right normal forms) of xs, sx, xs~!, s~ 'x, x* and

x"' can be computed at a cost of O(CAk || A||), where k = £(x): the number of applications of t or
7~ ! is bounded by k and only O(k) local slidings are required by Proposition 4.3.

We now show how to compute the gcd of two arbitrary elements a and b, given as products of
simple elements and inverses of simple elements with at most k factors. First, we write them in left
normal form, say APay - - - a, and A% - - - b;. If we denote m = min{p, q}, we can considera’ = A™™a
and b' = A~™b. Notice that @’ and b’ are positive elements, and one of them has infimum zero. Since
anb = A"d A A™D = A™(d’ A D), itis sufficient to know how to compute gcds of positive elements
and we will hence detail the algorithm to compute a A b assuming a and b are positive; the cost of
reducing to this case by computing the normal forms of a and b is O(CAk? || A]|). We remark that, if
the left normal form of a positive element a is known, then a A A is also known, since it is precisely
the first factor in its left normal form (which may be A).

‘ Computing the greatest common divisor of two positive elements ‘

Input: Two positive elements a and b.
Output: The elementa A b.

(1) Setu= A,d =a,b' =bandd = 1.
(2) While u # 1do:
(a) Compute the left normal forms of a’ and b'.
(b) Sets=d AAandt =b" A A.
(c) Setu=sAt.
(d) Setd =du,seta’ =u~'a’and b’ = u~'b’.
(3) Returnd.

Since a and b are positive, one has (a A b) A 1 = 1.1t is then easy to see by induction that after
the ith pass through the while loop one has d = (a A b) A Al. Hence, if a and b are given as products
of simple elements and inverses of simple elements with at most k factors, the number of repetitions
of the while loop is bounded by k + 1. The cost of step 2(a) in the first pass through the while loop is
O(CAK? ||A|)), but in all subsequent passes, the cost is O(CAk || A||) by Proposition 4.3. As the costs of
steps 2(b), 2(c) and 2 (d) are O(1), O(CA ||Al|) and O(k), respectively, the complexity of the algorithm
hence is O(CAk? ||A||). Computing the right gcd a A" b is analogous and has the same complexity.

One can now compute the least common multiple of two elements a and b, given as products of
simple elements and inverses of simple elements with at most k factors, as follows. Compute the
normal forms of a and b and let m = max{sup(a), sup(b)}. The elements a—' A™ and b~! A™ are both
positive, whence we can compute the element d = (a='A™) A" (b~! A™) using (the right version of)
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the algorithm above. Then,a Vb = (™! ATb™ 1)1 = A™((@14™) A7 (b~1A™))~1 = A™d~!. The
cost of this computation is dominated by computing d as the right gcd of a='A™ and b~'A™ which
has cost O(CAk? || Al). Thus, the complexity of computing the Icm a Vv b is O(CAK? ||Al). Computing
the right lcm a " b is analogous and has the same complexity.

The computations of the preferred prefix and the cyclic sliding of an element can now be done
just by applying the definitions, since we already know how to perform all operations that occur.
For instance, in order to compute the preferred prefix of an element x, given as a product of simple
elements and inverses of simple elements with k factors, one first computes the left normal form of
X = APx; - - - X, which takes time O(CAk? ||A||). Then one applies the formula given in Definition 1.11,
namely p(x) = t(x) A 3(p(x)). Since ¢(x) = tP(x;) with |p| < kand ¢(x) = x;, the complexity of
computing p(x) from the normal form of x is O(CAk || A||). The normal form of s(x) = x*® can then
be computed in O(CAk || A|)). Thus, the cost of applying a cyclic sliding is dominated by the cost of
computing the normal form, that is, applying a cyclic sliding has complexity O(CAk? | A||). Note that
if the normal form of x is known, then p(x) and the normal form of s(x) can be obtained at a cost of
O(CAk || Al]).

The transport of an element « at an element x is given by ™ = p(x) " 'ap(x¥). If x and « are
given as products of simple elements and inverses of simple elements with at most k factors, then ‘"
can be computed with the above formula in time O(CAk? || A||) by the arguments from the previous
paragraph. In other words, applying a transport has the same complexity as computing a normal form.
Note that if the normal form of x is known and « is simple, then the normal form of x* can be obtained
at a cost of O(CAk || A||), whence «P can be computed at a cost of O(CAk || A||) by the arguments
above.

Computing the preferred suffix, applying a cyclic right sliding and applying right transport are
analogous and the complexities are the same as for the left versions discussed above.

Finally, the pullback of a positive element s at an element y, with the hypotheses and the notation
of Proposition 3.19, is 51y = (p(z) S p”(y‘)*l) Vv 1; we assume that we also know the element z. If
v, z and s are given as products of simple elements and inverses of simple elements with at most k
factors, then s¢;y can be computed in time O(CAK? || Al) using the operations described above. If s is
simple and if the left normal form of z and the right normal form of y are known, then p(z) s p"(*) !
can be computed at a cost of O(CAk || A||) and, since this product involves only 3 simple factors, the
subsequent computation of the Icm has a cost of O(CA || Al|), whence in this case s(;y can be obtained
at a cost of O(CAk || Al|). Computing the right pullback s ;1 is analogous and has the same complexity.

Summarising the results obtained in this section, we have:

Theorem 4.4. Let G be a Garside group of finite type with Garside element A and set of atoms A =
{aq, ..., ay} for which Assumption 4.2 is satisfied. Moreover, let a be an atom of G, let s and t be simple
elements of G and let x, y and « be elements of G, given as products of simple elements or inverses of simple
elements with at most k factors.

(1) The following operation can be performed in O(CA):
e Test whethers = 1.
(2) The following operations can be performed in O(CA || Al|):
e Test whethers = t.
Compute 3(s), d71(s), T(s) or T~(s).
Test whether the product as is simple and, if so, compute as.
Test whether the product sa is simple and, if so, compute sa.
Computes At,s A"t,sVtorsV't.
Perform a local (left or right) sliding on the products - t.
(3) The following operations can be performed in O(CAk || Al]):
e Test whether x =y, if the left normal forms or the right normal forms of x and y are known.
e Compute the left normal form [resp. the right normal form] of xs, sx, xs~', s7Ix, x° or xsfl, if the
left normal form [resp. the right normal form] of x is known.
o Compute p(x) or s(x) [resp. p"(x) or s'(x)], if the left normal form [resp. the right normal form] of
x is known.
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e Compute the left transport sV [resp. the right transport sV'] of s at x, if the left normal form
[resp. the right normal form] of x is known.

o Compute the left pullback s [resp. the right pullback s;)2] of s at x, if it is defined and if the right
normal form [resp. the left normal form] of x and the left normal form of the element z € SC(x)
satisfying s(z) = x [resp. the right normal form of the element z € SC"(x) satisfying s'(z) = x|
are known.

(4) The following operations can be performed in O(CAK? || A|):
e Compute the left normal form of x or the right normal form of x.
Computex Ay, x A"y, x VyorxV'y.
Compute p(x), p"(x), s(x) or s (x).
Compute the left transport o of  at x or the right transport o of o at x.
Compute the left pullback a1y [resp. the right pullback e y:] of o at x, if it is defined and if the
element z € SC(x) satisfying s(z) = x [resp. the element z € SC'(x) satisfying s'(z) = x] is
known.

4.2. Complexity of the new algorithms

Knowing the computational cost of the basic operations, we can now analyse the complexity of the
algorithms for computing SC(x) from Section 1.3. Firstly, we define some bounds which will be used
in the sequel.

Notation 4.5. Let x be an element of G given as a product of simple elements or inverses of simple
elements with at most k factors.

[Distance to cyclic sliding repetition] Let T be an integer such that there exist two integers0 < i <
j < T satisfying s'(x) = ¢/ (x).

[Length of sliding circuits] Let M be an integer such that for any element z € SC(x) there exists a
positive integer N < M with sV (z) = z.

[Distance to transport repetition] Let R be an integer such that for any element z € SC(x) and any
simple element s satisfying z° € SSS(x) there exist two integers 0 < i < j < R satisfying
sN) = sV 'where s¥ (z) = z and s™™ denotes m-fold transport at z form € N.

Remark 4.6. It is easy to see that integers T, M and R as above exist and to give some obvious (but
very crude) upper bounds for them: By Corollary 2.2, iterated cyclic sliding becomes periodic, so T as
above exists. Indeed, it follows from Proposition 2.3 that s™(x) € SSS(x) for allm > k || A]|l. Since
ISSS(x)| < |[1, A]l¥, it is possible to choose T < k || A|| + |[1, A]|¥. Moreover, as SC(x) € SSS(x) is
finite, M as above exists and one can choose M < |SC(x)|. Hence, in particular, M < |[1, A]|. Finally,
by Proposition 2.4 (5), transports of simple elements are simple. Since G is of finite type, R as above
exists and one can choose R < |[1, A]|.

Lemma4.7. Let x € G,z € SC(x), and let s be a simple element such that z° € SSS(x). If N, i, j and K

are integers such that s" (z) = z,0 <i < j < K and (s<1<N))('N) = (s(KN))(’N) , where t™ denotes m-fold
transport of t at z and t,) denotes m-fold pullback of t at z for m € N, then sn) = S(k+j—i)N)-

(iN) 4 ,
(iN) (N) . .
Proof. By Lemma 3.15 we have sgy_in) < ((S(KN*‘M)(W)) = (saw) = (Sawy)” - Again using

Lemma 3.15, we obtain (S(KN*I‘N))(;‘N) < Seiny, that is, Seuj—in) < San)-

(M) ; i
Similarly, we have sgn_jny < ((S(KN—]’N))(I-N)) = (S(KN))UN) = (S(KN))('N) and from this obtain

(S(KN_jN)) vy = SEN)s that is, S¢x+i—jn) < San)- Applying (j — i)N-fold pullback to the last statement
yields sy < S(k-+j—iyn) using Lemma 3.16.
Hence, skny = S(k+j—in) as we wanted to show. 0O
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Corollary 4.8. Consider for x € G the bounds from Notation 4.5. For any element z € SC(x) and any
simple element s satisfying z° € SSS(x) there exist two integers 0 < i < j < 2R satisfying siny = S¢n),
where 5N (z) = z and sy denotes m-fold pullback of s at z form € N.

Proof. By the choice of R there are integers 0 < i’ < j/ < R such that (s(RN))(i - (s(RN))U " We
then have sgyy = S(r+—i)n) by Lemma 4.7. Settingi = Randj =R+ j — i, wehave 0 <i < j < 2R
and s¢y) = Sgny as desired. O

Proposition 4.9. Let G be a Garside group of finite type with Garside element A and A atoms, and let x be
an element of G given as a product of simple elements or inverses of simple elements with at most k factors.
Using the bounds from Notation 4.5, the complexity of Algorithm 1is O(CAk(k 4+ T) || Al]).

Proof. Observe that £(s'(x)) < k for all non-negative integers i. In particular, the normal forms of two
such elements can be compared at a cost of O(CAk || A||) by Theorem 4.4. Note further that a hash
function depending on all factors in the normal form can be computed at a cost of O(Ck), if the normal
form is known. We use a sufficiently large hash table, together with this hash function, to store the
trajectory 7 in step 2. If the normal form of an element y with £(y) < k is known, testing whether
y € 7 (and storing it if it is not) then has a cost of O(CAk [|A[]).

We initially compute the normal form of x at a cost of O(CAk? || A||). Step 1 has a cost of O(1). Step 3
and each pass through the while loops in step 2 and step 4 have a cost of O(CAk ||A||) by Theorem 4.4.
The number of passes through the while loops is bounded by T. Step 5 has a cost of O(T). Hence the
claim holds. O

Proposition 4.10. Let G be a Garside group of finite type with Garside element A and A atoms, let x € G,
and let v € SC(x) be given as a product of simple elements or inverses of simple elements with at most
k factors. If the left and right normal forms of v are known, then, using the bounds from Notation 4.5, the
complexity of Algorithm 2 is O(CAk [|Al| (||All +RM)).

Proof. In step 1, we perform N < M times the following operations: apply a cyclic sliding to an
element whose left and right normal forms are known, compute the left normal form and the right
normal form of the result and compare it to v; each of these has a cost of O(CAk ||A||) by Theorem 4.4.
Hence, the cost of step 1is O(CAKM || A|]).

Step 2 has a cost of O()); we store the set 4, as a list and the set Atoms C {ay, ..., a,} as an array
of A flags.

Steps 3(a) to (e) are executed X times. Step 3(a) has a cost of O(1); the costs of the remaining steps
are as follows:

For step 3(b) note that at any time we have a; < s < pq =< A4, so s is simple. In particular,
sup(v®) — sup(v) € {0, 1}. As the right normal form of v is known and s is simple, the right normal
form of v* can be computed at a cost of O(CAk ||A||) by Theorem 4.4. By Proposition 3.6, we can obtain
the element 1 v v°A~5"P® from the right normal form of v* at a cost of O(1): it is the leftmost factor
in the right normal form if sup(v®) = sup(v) + 1, and it is trivial if sup(v®) = sup(v). In the same way,
we can obtain 1V (v*)~1A™® from the right normal form of (v*) . Observe that the right normal
form of (v*)~! is related to the right normal form of v*: the leftmost factor in the right normal form
of (v*)~! can be obtained from the rightmost non- A factor in the right normal form of v*® by applying
the map 0 or 3! at most 2k + 1 times, that is, at a cost of O(CAk || A ||) by Theorem 4.4. As both
1V A=W apnd 1 v (v5)~1AM® are simple, so is their lcm. In particular, computing the Icm and
the final multiplication (which is a local sliding) each have a cost of O(CA ||A||) by Theorem 4.4. Hence,
since the number of passes through the while loop is at most ||A|| by Proposition 3.4, step 3(b) has a
cost of O(C1k ||A]?).

In step 3(c) the initial test a; < p(v) has a cost of O(C). We can store the simple elements s
(i = 1,2...)in a sufficiently large hash table, using the hash function from Assumption 4.2. Testing
whether sy, has already occurred (and storing it if not) then has a cost of O(CA || A[]). Since the left
and right normal forms of all elements in the sliding circuit of v are known from step 1, each pullback
can be computed at a cost of O(CAk ||A||) by Theorem 4.4. As the number of pullbacks which need to
be computed is bounded by 2RM by Corollary 4.8, the cost of step 3(c) hence is O(CAKkRM || A|)).
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By the same arguments, step 3(d) has a cost of O(CAKRM || A ||), since each transport can be
computed at a cost of O(CAk || A||) and the number of transports which need to be computed is
bounded by RM.

The test in the outer if statement in step 3 (e) has a cost of O(CR), whereas the test in the if statement
in step 3 (e)i has a cost of O(CA), since testing whether a; € Atoms has a cost of O(1). As the remaining
operations in step 3 (e)i have a cost of O(1), the cost of step 3(e) is O(C(A + R)).

Hence, the complexity of Algorithm 2 is O(CA%k ||A|| (| Al +RM)) as claimed. O

Theorem 4.11. Let G be a Garside group of finite type with Garside element A and A atoms, and let x and y
be elements of G given as products of simple elements or inverses of simple elements with at most k factors.
Let T, M and R be the maxima of the bounds from Notation 4.5 for x and y, respectively.

The complexity of Algorithm 3 is O(CM< IA] -(k+T + [SC (Al —I—RM))).

Proof. Observe that £(z) < k for all z € SC(x). In particular, the (left) normal forms of two such
elements can be compared at a cost of O(CAk ||A||) by Theorem 4.4. Note further that a hash function
depending on all factors in the normal form can be computed at a cost of O(Ck), if the normal form is
known. We use a sufficiently large hash table, together with this hash function, to store the set V. More
precisely, whenever a new element v* € SC(x) is found, where s is an indecomposable conjugator and
v € 'V, we store the following information in the hash table entry for v*: the left normal form and the
right normal form of v°, the indecomposable conjugator s, and the position of v in the hash table. If
the left normal form and the right normal form of v* are known, testing whether v* € V, and storing
all required data if it is not, has a cost of O(CAk ||Al|). The set V' is stored as a list (storing hash table
indices instead of actual elements), whence storing or retrieving an element of 'V’ has a cost of 0(1).
Observe that the conjugating elements c, for v € V are implicit in the spanning tree structure for
SCG(x) with root X which is computed: for any v € 'V, the conjugating element c, can be obtained by
tracing back the path to the root which is given by the indecomposable conjugators stored for every
entry in the hash table. This trace-back has a cost of O(|SC(x)|), since the length of the path to the root
is bounded by |SC(x)| and each step of the trace-back has a cost of O(1). In particular, there is no actual
computation of ¢,s = ¢, - § in step 3(c)ii; at most ¢y is ever explicitly computed (in step 3(c)i).

Step 1 has acostof O(CAk(k+T) ||A||) by Proposition 4.9; this includes computing the left and right
normal forms of X and y. For step 3(c) note that, since the left normal form and the right normal form
of v are known, the left normal form and the right normal form of each conjugate v* can be computed
at a cost of O(CAk ||A||) by Theorem 4.4. Steps 3(a), 3(d) and 4 have a cost of O(1). Steps 2, 3(c)ii, as
well as the test of the condition in step 3(c)i have a cost of O(CAk ||A||). By Proposition 4.10, Step 3(b)
has a cost of O(CA%k ||A]| (||A]l +RM)). The body of the while loop in step 3 is executed |SC(x)| times
and the body of the for loop in step 3(c) is executed at most A times. The actual computation of the
conjugating element ¢; - ¢j - cz_1 in step 3(c)i has a cost of O(T + |SC(x)|), but is executed at most once.

Thus, the complexity of Algorithm 3 is

O(Ckk(l< +7) 4] ) n o(|sco<)| - CR2k [|A] (1A +RM))
+o(|sco<)|x - Cak || A ) + o(r n |SC(x)|)

= o(cxk IAl -(k + T + 1SC) A (1A +RM)))

as claimed. O

Remark 4.12. Unfortunately, the obvious bounds for T and M given in Remark 4.6 are exponential in
k. For the Artin braid groups B, one has |[1, A]| = n!, that is, the above bounds are also exponential
inn (or ||A|)) for this sequence of Garside groups, as is the bound for R given in Remark 4.6. Moreover,
no bound for |[SC(x)| is currently known which is better than the obvious bound |SC(x)| < |SSS(x)| <
I[1, A]|¥ (cf. Remark 4.6); the latter again is exponential. None of these bounds adequately describes
the behaviour observed in computer experiments.

We conjecture that there are bounds for T, M and R which are polynomial in k and || A ||. If the
elements of SC(x) are rigid, then one can choose R =|| A || by (Gebhardt and Gonzalez-Meneses, in
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press, Proposition 8 and Corollary 11), and obviously M = 1. However, even in this case, no realistic
bound for T is known.

The situation for |SC(x)| is more complicated. It is shown in Birman et al. (2007b) that |USS(x)|
grows exponentially in n for periodic elements of the Artin braid groups B,. By (Gebhardt and
Gonzalez-Meneses, in press, Proposition 9), the same is true for |[SC(x)|. Hence, a bound for |SC(x)|
which is polynomial in k and || A || cannot be expected in general. However, it may be possible to
establish such a bound for certain classes of elements, for example rigid elements.? For the situation
of Artin braid groups, an attempt to reduce the general case to the special case of rigid elements is
sketched in Birman et al. (2007a).

The problem of finding bounds for T, M and R which are polynomial in k and || A|| and the problem of
understanding |[SC(x)| correspond to open problems formulated in Birman et al. (2007a) in the context
of Artin braid groups for ultra summit sets and the cycling and decycling operations.
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